Abstract: In this paper, we apply the concept of Caputo's H-differentiability, constructed based on the generalized Hukuhara difference, to solve the fuzzy fractional differential equation (FFDE) with uncertainty. This is in contrast to conventional solutions that either require a quantity of fractional derivatives of unknown solution at the initial point (Riemann-Liouville) or a solution with increasing length of their support (Hukuhara difference). Then, in order to solve the FFDE analytically, we introduce the fuzzy Laplace transform of the Caputo H-derivative. To the best of our knowledge, there is limited research devoted to the analytical methods to solve the FFDE under the fuzzy Caputo fractional differentiability. An analytical solution is presented to confirm the capability of the proposed method.
Introduction
The fractional differential equation (FDE) is gaining more attention, since it is capable of modeling different processes in physics, chemistry and engineering (see [1] [2] [3] [4] [5] [6] [7] ). Furthermore, it appeared in the theory of the control of dynamical systems, when the controlled system and/or the controller is described by an FDE [8] [9] [10] . Some relevant monographs are Podlubny [10] , Kilbas et al. [11] and Baleanu et al. [12] . Accordingly, providing the analytical and numerical methods to solve the FDEs has become an active research undertaking (see [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ). Furthermore, one reason for the interest in FDE comes from applications that involve new ways of modeling physical systems using tools from fractional calculus. For example, consider the dynamics of a system that involves the motion of a rheological specimen that exhibits both elasticity and dissipation [9, 23] . An alternative approach instead of the traditional models would be to combine the effects of stiffness and damping in a single term by an FDE: D β a x(t) = f (t, x(t)), 0 < β ≤ 1, t > a, x(t 0 ) = x 0 ,
where we usually could not be sure that the model is true. One of the main reasons is that the initial value in Equation (1) may not be known precisely, as it is usually characterized by a domain expert. Therefore, instead of using the deterministic values, one of the other popular choices is to employ the fuzzy initial value. That is, each element of the FDE is converted to the fuzzy frame, and this is how the fuzzy fractional differential equation (FFDE) emerged.
Moreover, deducing equations of dynamics from empirical observations is fundamental in science. Furthermore, describing and understanding natural phenomena is the goal of theoretical physics and mathematics. Theoretical physics has had a general measure of the uncertainty associated with the behavior of a probabilistic process for more than 100 years [24, 25] . Over the past two decades, a new mathematical description has been formulated, linked together by tools of fractional calculus, which include fractional constitutive laws, probabilistic models based on continuous time random walks and generalized central limit theorems, fractional Langevin equations, fractional Brownian motions, fractional diffusion and the fractional Fokker-Planck equation. Commonly, the unknown parameters involved in such models are assumed constant over time. In reality, however, some of them are not constant and implicitly depend on several factors. Many such factors usually do not appear explicitly in the mathematical models, due to the tradeoffs between modeling and numerical tractability and the lack of precise knowledge about them. In order to deal with such uncertainty in those parameters, a stochastic approach is commonly employed with the assumption that stochastic behavior implies knowledge of the probabilistic information of the system components. However, this information can be very complicated, with errors and vagueness. With this motivation, the authors provide a different approach to depict such physical models with the parameters and initial values defined under fuzzy fractional setting theory. This interpretation can be closer to the origin of the physical models, and it has enough ability to be extended to the other models in addition to the currently discussed one.
One of the pioneering works in fuzzy fractional calculus was conducted by Agarwal et al. in [26] , where they proposed a concept for the FDE with uncertainty. In this paper, the Riemann-Liouville differentiability equipped with a fuzzy initial condition to solve the FFDE was used. We recall that the differentiability of the fuzzy-valued functions in the fractional case was not covered. To extend this, Allahviranloo et al. [27] introduced the Riemann-Liouville H-differentiability in order to solve the FFDEs, which is a direct generalization of the fractional Riemann-Liouville derivative using the Hukuhara difference. Afterward, Mazandarani and Vahidian Kamyad [28] introduced the Caputo-type fuzzy fractional derivative for the solution of FFDE. Recently, Salahshour et al. [29] used the fuzzy Laplace transform [30] in order to solve analytically such problems, which was followed up by Mazandarani and Najariyan [31] to introduce the fuzzy Laplace transform under Type 2 fuzzy fractional differentiability. However, there are three flaws associated with these aforementioned solutions. In the former, as highlighted in [32, 33] , there is a limitation in the Hukuhara difference, where it leads to solutions with increasing length of their support. In the latter, the Riemann-Liouville derivative requires a quantity of the fractional derivative of unknown solution at the initial point, and in the last one, the authors applied the method under Type 2 fuzzy setting theory, which increases the computational cost, although it is closer to the originality of the model. Practically, we do not clearly know what is the meaning of the fractional derivative at that point. In other words, the required quantity could not be measured and perhaps may not exist. Due to this important drawback, a few papers were published to consider Caputo's fuzzy differentiability, as well as numerical methods for the solution of FFDEs [28, [34] [35] [36] , which is still traceless and unknown.
In this manuscript, we propose a different mathematical model based on the FFDE and present its analytical solution. Particularly, we employ the strongly-generalized differentiability based on the Caputo derivative, as in [28, 37] . As a result, the proposed solution will allow us to handle the limitations suffered by the Hukuhara difference and Riemann-Liouville differentiability, respectively. Then, we employ the fuzzy Laplace transforms method [29, 38] to solve the FFDEs analytically. This is in contrast to the solution in [37] , where they derived an equivalent integral form of FFDE [39] to obtain the approximate solutions. We refer to some works on the fuzzy Laplace transforms in [30, 40, 41] and [29] and the references therein. Recently, applying the fuzzy Laplace transform has been widely used in order to solve fuzzy fractional differential equations; see [31, 38] . In fact, for the first time in the literature, we have solved a mixed type of fractional differential equation under uncertainty (including natural and fractional order), the so-called fuzzy fractional Basset equation.
The paper is organized as follows: We revisit briefly some of the well-known definitions of the fuzzy numbers in Section 2 and Caputo's H-differentiability in Section 3, respectively. The fuzzy Laplace transforms are used for the fuzzy-valued function and the novel theorem for the Laplace transform of f under Caputo's H-derivative detailed in Section 4. The solutions of the FFDE using the fuzzy Laplace transforms and their inverses are investigated in Section 5. In Section 6, some real examples in the fuzzy sense are solved to show the presented method. Finally, the conclusion is drawn in Section 7.
Preliminaries
We recall that the basic definition of the fuzzy numbers had been discussed (see [42, 43] ), and interested readers are encouraged to read them for the details. We denote the set of all real numbers as R and the set of all fuzzy numbers on R as E.
Therefore, a fuzzy number is a mapping u : R → [0, 1] that satisfies the following properties:
(1) u is upper semi-continuous,
is the support of the u, and its closure cl(supp u) is compact.
Consequently, a similar definition, but in parametric form, is provided in [44] as:
A fuzzy number u in parametric form is a pair (u, u) of functions u(r), u(r), 0 ≤ r ≤ 1, where the following requirements hold:
(1) u(r) is a bounded non-decreasing left continuous function in (0, 1] and right continuous at zero,
is a bounded non-increasing left continuous function in (0, 1] and right continuous at zero,
Definition 2. Let E be the set of all fuzzy numbers on R. The r-level set of a fuzzy number u ∈ E,
r , is defined as: Regarding Zadeh's extension principle, the "addition" operation (⊕) on E is presented as:
and the scalar multiplication of a fuzzy number is described as:
where0 ∈ E. It is well known that these properties are true for all levels of:
The Hausdorff distance between these fuzzy numbers is indicated by d :
where
is utilized in [32, 44] . From here, one can easily find that d is a metric in E and has the following properties [45] :
Definition 3. A mapping f : R × E → E is continuous at point (x 0 , y 0 ) ∈ R × E, provided that for any fixed r ∈ [0, 1] and arbitrary > 0, there exists an δ( , r), such that:
for all x ∈ R and y ∈ E.
Theorem 1. (see [46] ) Let f (x) be a fuzzy-valued function on [a, ∞), and it is represented by (f (x; r), f (x; r)). For any fixed r ∈ [0, 1], assume f (x; r) and f (x; r) are Riemann-integrable on |f (x; r)|dx ≤ M (r) for every b ≥ a; then, f (x) is improper fuzzy Riemann-integrable on [a, ∞). The improper fuzzy Riemann-integral is a fuzzy number, and we have: 
, respectively).
It is important to note that, for the sake of simplicity, the function that satisfies Case (1) (or Case (2)) in Definition 5 is known as the (1)-differentiable function (or (2)-differentiable function). The principal properties of these derivatives are well described (see, for example, [32, 33, 47] ), and the following theorems are adopted.
Theorem 2. (see [47] ) Let f : R → E be a function, and denote f (x; r) = f (x; r), f (x; r) , for each r ∈ [0, 1].
(1) If f is a (1)-differentiable function, then f (x; r) and f (x; r) are differentiable functions and
(2) If f is a (2)-differentiable function, then f (x; r) and f (x; r) are differentiable functions and
Caputo's H-Differentiability
In this section, the concept of the fuzzy Caputo derivative as in [29] is revisited using the Hukuhara difference, and interested readers are encouraged to see the full details in the aforementioned paper. We indicate C(J, E) as a space of all fuzzy-valued functions, continuous on J = (a, b] [37]:
where, throughout the paper, we hypothesized that the fuzzy-valued function f is located in C(J, E), unless specified otherwise.
the fuzzy Riemann-Liouville integral of fuzzy-valued function f is defined as:
For all 0 ≤ r ≤ 1, since f (x; r) = [f (x; r), f (x; r)], the fuzzy Riemann-Liouville integral of fuzzy-valued function f can be calculated based on its lower function and upper function, respectively, as follows:
Theorem 3. (see [37] ) Let f : [a, b] −→ E, for 0 ≤ r ≤ 1 and 0 < β ≤ 1; the fuzzy Riemann-Liouville integral of fuzzy-valued function f is defined as:
Then, the fuzzy Riemann-Liouville fractional derivatives of order 0 < β < 1 for fuzzy-valued function f (which is a direct extension of strongly-generalized H-differentiability in [32] and the lateral type of H-differentiability in [47] in the fractional literature) are defined as follows:
(1)
For the sake of simplicity, a fuzzy-valued function f is
as in Definition 7, Case (1), and is
Case (2).
Theorem 4. (see [37] ) Let f : (a, b) −→ E and x 0 ∈ (a, b), 0 < β < 1; then, for all 0 ≤ r ≤ 1, we have the following relations:
or:
where For more details, please see [37, [48] [49] [50] . The fuzzy Caputo fractional derivatives under the Hukuhara difference ( C D β a + f )(x) are defined as: Definition 8. (see [28, 37] ) Let f ∈ C(J, E) ∩ L 1 (J, E) be a fuzzy set-value function; then f is Caputo fuzzy H-differentiable at x when:
where 0 < α < 1; then, we say f is C [(1) − β]-differentiable if Equation (7) holds, while f is (1)-differentiable, and f is C [(2) − β]-differentiable if Equation (7) holds, while f is (2)-differentiable.
Theorem 5. (see [37] ) Let 0 < β < 1 and f ∈ C(J, E); then the fuzzy Caputo fractional derivative exists on (a, b), and for all 0 ≤ r ≤ 1, we have:
when f is (1)-differentiable, and:
when f is (2)-differentiable, in which (I
The Fuzzy Laplace Transforms
Below, we define the fuzzy Laplace transform for a fuzzy-valued function. After that, a derivative theorem is presented to connect the Laplace transform of the fractional derivative and the corresponding fuzzy-valued function. We recall that, firstly, Allahviranloo and Ahmadi [30] suggested the concept of Laplace transforms for fuzzy-valued function as follows:
Definition 9. (see [30] ) Let f (x) be a continuous fuzzy-value function; suppose that f (x) e −px is improper fuzzy Riemann-integrable on [0, ∞); then ∞ 0 f (x) e −px dx is the fuzzy Laplace transforms and can be denoted as:
From Theorem 1, such that r ∈ [0, 1], we conclude:
By virtue of the definition of the classical Laplace transform:
we conclude: L{f (x; r)} = {f (x; r)}, {f (x; r)} .
Theorem 6. (see [30] ) Let f (x), g(x) be continuous-fuzzy-valued functions; suppose that c 1 ,c 2 are constants, then:
Lemma 1. (see [30] ) Let f (x) be a continuous fuzzy-value function on [0, ∞) and λ ∈ R, then:
Lemma 2. (see [30] ) Let f be a continuous fuzzy-value function and g(x) ≥ 0 a real value function; suppose that (f (x) g(x)) e −px is improper fuzzy Riemann-integrable on [0, ∞); then, for fixed r ∈ [0, 1]:
f (x; r)e −px dx .
Theorem 7.
(see [30] ) Let f be a continuous fuzzy value function and L{f (x)} = F (p); then:
where e ax is a real value function.
Proposed Solution
The 
and:
Proof. For arbitrary fixed r ∈ [0, 1], we have:
Since f is
Hence, we have:
Then, we conclude that:
By linearity of L,
Using Equation (13) , this leads to obtaining:
Now, we assume that f is C [(2) − β]-differentiable; then for arbitrary fixed r ∈ [0, 1], we have:
and since f is C [(2) − β]-differentiable, we get:
Therefore, we have:
Finally, we can deduce:
which finishes the proof.
FFDEs under Caputo's H-Differentiability
In this section, we investigate the solutions of FFDE under Caputo's H-differentiability with the proposed method. Firstly, we consider the FFDE of order 0 < β < 1 with the fuzzy initial condition as follows:
The Laplace transform of Equation (17) gave us:
Thus, using the types Caputo's H-differentiability, we discuss the following cases: Case I: We consider y(x) a C [(1) − β]-differentiable function; then Equation (18) is extended based on its lower and upper functions for 0 < β < 1 as:
{f (x, y(x); r)} = p β {y(x; r)} − y(0; r), 0 ≤ r ≤ 1,
where:
f (x, y(x); r) = min f (x, u)|u ∈ y(x; r), y(x; r) ,
f (x, y(x); r) = max f (x, u)|u ∈ y(x; r), y(x; r) .
In order to find a solution of the linear system (Equation (19)), for simplicity, we make the assumption that:
{y(x; r)} = H 1 (p; r) , {y(x; r)} = K 1 (p; r),
where H 1 (p; r) and K 1 (p; r) are solutions of System (19) . By using the inverse Laplace transform, y(x; r) and y(x; r) are calculated as follows:
y(x; r) = −1 {H 1 (p; r)} , y(x; r) = −1 {K 1 (p; r)} ,
In this case, we use the symbol L −1 as the inverse of fuzzy Laplace transform, and it is equivalent to:
Case II: Let us consider y(x) as C [ (2) − β]-differentiable; then for 0 < β < 1, Equation (18) can be written as:
{f (x, y(x); r)} = p β {y(x; r)} − y(0; r),
f (x, y(x); r) = min{f (x, u)|u ∈ y(x; r), y(x; r) }, f (x, y(x); r) = max{f (x, u)|u ∈ y(x; r), y(x; r) }.
Similar to Case I, in order to solve the linear system (Equation (23)), we simplify:
{y(x; r)} = H 2 (p; r),
where H 2 (p; r) and K 2 (p; r) are solutions of the system (Equation (23)). By using the inverse Laplace transform, y(x; r) and y(x; r) are computed as follows:
y(x; r) = −1 {K 2 (p; r)},
and this is equivalent to:
Application
In this section, we will solve some real-world examples (to obtain the solutions of FFDE) under the definition of Caputo differentiability for a fuzzy-valued function about fractional order 0 < β < 1. Firstly, we solve a homogeneous FFDE (Example 1). Then, in a general case, we solve an example that includes the free parameter λ (Example 2), which has appeared in the fuzzy literature several times under Caputo's H-differentiability [32] . Finally, the fuzzy Basset problem (Example 3) is determined to show the ability of the proposed method.
This paper is the first attempt that provides analytical solutions for the FFDEs under the Caputo differentiability. Hence, there are no other reported analytical methods for such problems to compare in the fuzzy Laplace method. Example 1. We analyze the following FFDE:
With the help of the Laplace transforms on Equation (26), we obtain:
The inverse of the Laplace on Equation (27) gave us:
which led to deriving lower and upper functions of the solution for 0 < β < 1 as follows:
Example 2.
In the following, we analyze the following FFDE,
such that y(x) is the number of radionuclides present in a given radioactivity, and λ is a decay constant. We investigate the solution in this case for λ ∈ R. Case I: We make the assumption that λ ∈ R + = (0, +∞), and after that, we use the Laplace transform and finally conclude:
Using
λ {y(x; r)} = p β y(x; r) − y(0; r), λ {y(x; r)} = p β {y(x; r)} − y(0; r).
After some manipulations, we get the following:
(p β − λ) {y(x; r)} = y(0; r),
The inverse of the fuzzy Laplace transforms on Equation (33) leads us to:
y(x; r) = y(0; r)
Finally, the solution of FFDE is determined as follows:
where E β,1 is the Mittag-Leffler function (see [11] ). Case II: Suppose that λ ∈ R − = (−∞, 0); then, using C [(2) − β]-differentiability and Theorem 8, the obtained solution will be similar to Equation (34) . For a special case, let us consider β = 0.5, λ = 1 and y(0; r) = [1 + r, 3 − r]; then, the solution for Case I is derived as follows:
and the solution for Case II with λ = −1 is obtained as follows:
Example 3. The Basset problem: The dynamics of a sphere immersed in an incompressible viscous fluid is a classical problem with huge applications in material sciences, as well as in the study of geophysical flows. A particularly important problem is the study of a sphere subjected to gravity, which was first presented by Basset in 1888 [51] and followed in 1910 by [52] , who then introduced a special hydraulic force, known as "Basset's force". Basset's force was studied by Mainardi [53, 54] in terms of a fractional derivative of order 1 2 of the velocity of the particle relative to the fluid and is recognized as the generalized Basset's force. It is based on the fractional Caputo derivative (0 < β < 1) and on a generalized model of [52] . That is, when the fluid is at rest and the particle moves vertically under the effect of gravity, with a certain initial velocity y 0 :
Now, in order to discover this in a real concept, we use the fuzzy initial value y 0 , the fuzzy-valued function g(x) and the concept of Caputo's H-differentiability for the fractional derivative of y(x), C D β 0 + y (x) and the generalized H-differentiability [32] for the first order derivative of y(x), y (x). Let us consider the fuzzy version of the dynamics of a sphere immersed in an incompressible viscous fluid (Basset's problem) as follows:
y (x) + 2 C D β 0 + y (x) + y(x) = g(x), 0 < β < 1 y(0; r) = 0, 0 ≤ r ≤ 1,
where g is an arbitrary fuzzy-valued function, which can possess the fuzzy Laplace transforms.
In order to solve this example under C [(1)−β]-differentiability, we apply the fuzzy Laplace transform to both sides of Equation (37) , which leads to:
Simply using C [(1) − β]-differentiability, we get: Then, after simple computations, we get:
L{y(x)} = L{g(x)} + 2 y(0) p + 2p β + 1 .
Applying the inverse of fuzzy Laplace transforms, we have:
L{g(x)} + 2 y(0) p + 2p β + 1 .
For a special case, let us consider β = 
Conclusion and Future Works
In this paper, we investigated an analytical solution of the FFDEs (Equation (17)), under Caputo's H-differentiability. To this end, we revisited Caputo's derivatives, and proposed novel fuzzy Laplace transforms and their inverses, with an analytical method to tackle the deficiencies in the state-of-the-art methods (Equation (22) under C [(1) − β] Caputo H-differentiability, Equations (24) and (25) under C [(2) − β] Caputo H-differentiability). Experimental results using some real-world problems (nuclear decay Equation (30) and Basset problem (38)) illustrated the effectiveness and applicability of the proposed method.
